The possibility of constructing the theory relating to a spatially periodical Bose condensate in the model of a weakly nonideal Bose gas is studied. Equations for determining a spatially periodical order parameter at the temperature T = 0 are formulated and their one-periodical solutions are obtained based on the isolated Bose condensate method. Here it is possible to neglect the contribution of quasiparticles to the thermodynamics of a boson system. The problems of thermodynamic stability of the spatially periodical Bose condensate are presented in short.
Introduction
Recently the experiments have been carried out where the existence of the BoseEinstein condensation phenomena in an ideal gas at temperature near 2 · 10 −8 K was proved [1] . This fact makes it interesting to turn again to the Bose-Einstein condensation problem in the model of a weakly nonideal Bose gas. Within this model the microscopic theory of superfluidity was constructed by N.N.Bogolyubov with the use of a quasiaverage method. Applying the microscopic approach which contains the quantum Gibbs distribution as a fundamental aspect it was shown [4] how the basic equations of motion for a quantum crystal can be obtained. The phenomenological theory of the quantum crystal was described in [5] .
In the present work we want to touch upon the problem of constructing the thermodynamics of the one-periodical quantum crystal in the model of a weakly nonideal Bose gas. Here we consider the questions connected with the description of spatially periodical structures at T = 0 which correspond to the existence of the spatially periodical Bose condensate. The problems of thermodynamic stability of the states studied are also briefly considered.
It would be interesting to construct the hydrodynamics equations for the oneperiodical solutions, to generalize the theory for the case of two and three-periodical states, as well as to clarify the effect of the external magnetic field on these states. The latter task was considered for the spatially homogeneous Bose condensate in [6] .
We also want to emphasize that spatially periodical states in the fermion systems were studied in [7] with the use of the fermi-liquid approach proposed by Landau.
Spatially periodical Bose condensation in the model of a weakly nonideal Bose gas
In this section we consider the generalization of the Bogolyubov theory of a weakly nonideal Bose gas for the case when the Bose condensate consists of particles with the infinite set of momenta p + τ , where vectors τ form a certain reciprocal lattice with respect to a direct one with vectors
i , n i are the integer numbers, b i a j = 2πδ ij ) and the vector p belongs to the first Brillouin zone. To study this problem we use the quasiaverage method leading to the model with an isolated condensate.
According to this method, an average value of arbitrary functionÂ(ψ) of the annihilation operatorψ( x) can be defined by the formula
where the operatorÂ(ψ) can be obtained from the operatorÂ(ψ) by the substitution
and the quantity ψ( x) represents a C-numerical function
,
HereĤ(ψ) is the Hamilton operator,ˆ P (ψ) is the operator of momenta, andN(ψ) is the operator of number of particles. The function ψ( x) (or quantity a p+ τ ) can be determined from a minimum condition of the potential Ω(ψ):
In the weakly nonideal gas approximation we can writê
Then, according to (2.6) the equation for determining the quantity ψ( x) has the form
(we suppose that the function ψ(x) slightly changes in the course of the interaction radius r 0 ). If we introduce the function u( x) instead of ψ( x)
where u( x) is the periodical function of x u( x + a) = u( x), (2.10) which can be represented in the form
then we obtain the following equations for determining the functions η, ϕ:
where
Further, it will be supposed that the condensate has got only one period X along the axis x and the system is spatially homogeneous with respect to the axes y and z.
Bearing in mind this supposition, the solution of the last equation from (2.12) can be written as
The integration constant C, equalled to
is defined from the "periodical" condition of the function ϕ(x)
where n is an arbitrary integer and a fixed number. This number determines different solutions (or phases) of equations (2.12). Substituting the function ϕ(x) into the first equation from (2.12) we get:
Multiplying (2.16) by dη/dx, we find the first integral:
(E is the integration constant). Next, it will be shown that for achieving stability of the periodical Bose condensate with respect to a normal state, the following conditions
should be fulfilled (see (3.4) ). The first inequality leads to
It is necessary to have all the three roots ζ i real and positive for the existence of the periodical solutions ζ(x) > 0 of equation (2.18). Moreover, the positive roots ζ i can be always chosen so that the following inequalities will be valid
Let us also note that the inequality E > 0 holds true. It is evident that the periodical solution ζ(x) of equation (2.18 
and K(k) is the full elliptic integral of the first type
We want to emphasize that the function ζ(x) has a period which equals to X due to the formula sn(u + 2K(k), k) = −sn(u, k).
Let us turn to determining the phase ϕ(x). According to (2.14) we have
Proceeding from the last formula for the function Z(x) it is easy to conclude that
is the elliptic integral of the third type
Expressions (2.24)-(2.27) along with formula (2.11) determine the structure of the function u(x).
Thermodynamics of the spatially periodical Bose condensate
According to (2.5), the density of the Gibbs thermodynamic potential ω in a model with the isolated condensate is defined by the formula
or in the approximation of a weakly nonideal Bose gas we can write
where H(ψ), P (ψ), N(ψ) are defined by (2.7). Therefore, using (2.24)-(2.27), (2.11) we find
Excluding d 2 η/dx 2 with the help of (2.16) we get
Since the potential of a normal state is equal to zero (see formula (3.2), where ψ = 0), the condition of the thermodynamic stability of the considered spatially-periodical Bose condensate has the form ω < 0. (3.5) Therefore, from (2.24) it follows that ν > 0, and from (2.23) that µ * > 0. Let us obtain an explicit form for the thermodynamic potential ω. Changing from the integration variable x to ζ in the integrand of formula (3.4) and using (2.18), (2.19) we find
Calculating the integral entering this formula, it can be shown that
where E(k) is the full elliptic integral of the second type.
Density of the condensate particles is given by the formula
Thus, we can use the variables ζ 1 , ζ 2 , ζ 3 instead of the thermodynamic variables µ * , v || , X. The obtained quantities ω, n 0 are the functions of these new variables ζ 1 , ζ 2 , ζ 3 . It can be easily seen that the variables ζ 1 , ζ 2 , ζ 3 and µ * , v || , X related by
where G(h, k) is the full elliptic integral of the third type
Using expression (3.6) for the thermodynamic potential ω one can obtain a thermodynamic identity
which represents the second thermodynamic law for reversible processes. We also want to write a following formula for the average value of the density of momenta
It yields
Thus, a physical meaning of the constant C (see (2.15)) determining the component of momenta along the x axis is shown. As we can see, the transverse component of momenta π ⊥ coincides with the density of momenta for a superfluid movement (we take into account that the density of the normal component is equal to zero in the approximation considered). The above mentioned formulae can be simplified for the limit ζ 1 → 0. In this case according to (2.24) k 2 = ζ 2 /ζ 3 and according to (2.23 ) the function ζ(x) has the form:
and the phase ϕ(x) is given by
Bearing in mind (2.20) we have
wherefrom one can find
where U 0 = µ * 2 /2ν. These formulae lead to
and, consequently,
(3.12) Therefore, formulae (3.7), (3.12) imply that
The quantity v || entering ϕ(x) should be associated with the infinitesimal quantity ζ 1 . In order to set this connection let us return to formula (3.10) and find the asymptotes of the function G(ζ 2 /ζ 1 − 1, k) at ζ 1 → 0. To this end we note that by means of an operation of integration by part it is easy to prove the validity of the relation
here (χ 2 = ζ 2 − ζ 1 ). Using this formula we have
This yields
Let us consider the phase with n = 0. Then according to (3.11)
It means that ω is the decrease function of the period X. Thus, at n = 0 the spatially homogeneous state with X = ∞ is an absolutely stable state. This state corresponds to the Bogolyubov solution. However, the mentioned fact does not mean that the spatially periodical solutions do not realize even in the case n = 0. Really, the considered spatially periodical solutions correspond to the statistical operatorρ which is invariant with respect to the unitary transformation U = exp iX(P x − p xN )
and, consequently, in virtue of the conservation laws forP x andN , the period X is the motion constant and cannot change if the conservation law forP x is not violated. But if the conservation law forP x is weakly violated, then the studied spatially periodical states become quasistationary ones and parameter X will be slowly turned to infinity (in virtue of the weakly violation of the conservation law for P x ). That is why the considered spatially periodical solution turns to the Bogolyubov spatially homogeneous solution at t → ∞.
This is similar to the situation for the normal state when the term − vˆ P is added to the Gibbs exponent. The quantity v is the motion constant and the state is stable until the conservation law is violated. But the state becomes quasistationary and parameter v turns to zero at the weakly violation of the momenta conservation law.
Even a more complicated situation can arise for phases with n = 0. In this case the condition ∂ω/∂X < 0 becomes not evident and, hence, the possibility of the existence of absolutely stable and spatially periodical solutions with a definite value of the period X can appear. The period X is not an independent thermodynamic parameter (as in quantum crystals) anymore, but it can be treated as a certain function of µ * , v; X = X(µ * , v || ).
